The Dirac equation is solved exactly under the condition of spin symmetry for a spin 1/2 particle in the field of Mie-type potential and a Coulomb-like tensor interaction via the Laplace transform approach (LTA). The Dirac bound state energy equation and the corresponding normalized wave functions are obtained in closed forms with any spin-orbit coupling term κ. The effects of the tensor interaction and the potential parameters on the bound states are also studied. It is noticed that the tensor interaction removes degeneracy between two states in spin doublets. Some numerical results are given and a few special cases of interest are presented. We have demonstrated that in the nonrelativistic limit, the solutions of the Dirac system converges to that of the Schrödinger system. The nonrelativistic limits of the present solutions are compared with the ones obtained by findings of other methods. Our results are sufficiently accurate for practical purpose.
Introduction
The exact analytical solutions of the Dirac equation with spin and pseudo-spin (p-spin) symmetry have been extensively studied over the past years [1, 2] . Nonetheless, solving this equation is still a very challenging problem even if it has been derived and been utilized profusely more than 80 years ago. This equation is very useful while studying relativistic effects [3] . In the relativistic treatment of nuclear phenomena, the Dirac equation is used to describe the behaviour of nucleons in nuclei and also in solving many problems of high-energy physics and chemistry. For this reason, it has been used extensively in many fields such as relativistic heavy ion collisions, heavy ion spectroscopy and in laser-matter interaction (cf. [4] and references therein) and condensed matter physics [5] .
The Mie-type potential which is an exactly solvable potential model [6] is also used in the study of the diatomic molecules [7] . The potential is used in the determination of molecular structure. It has recently received much attention in literature [8] . Various methods have been used to exactly solve the Schrödinger-like equation for a system bound by the Mie-type potentials. This method include the Laplace transform approach (LTA) [9] , asymptotic iteration method [10] , Lie algebraic approach (LAA) [11] , and shape invariant algebra (SIA) method [12] , etc.
The LAA was applied to the Hulthen potential to calculate the energy eigenvalues and the corresponding eigenfunctions. The Ladder operators were obtained and found to satisfy the SU(2) commutation relation [11] . The SIA was used to map the shape invariant potentials by the point canonical transformation (PCT) [12] . It was found that the Coulomb and Kratzer potentials can be mapped to the Morse potential with SIA belongs to SU(1,1) while the Pöschl-Teller type I belongs to the same sub class SU(2) as the Hulthen potential [12] . The exact solution of the Klein-Gordon equation for charged particle in a magnetic field was found with the SIA method [13] .
Recently, the relativistic bound states of spin-1/2 particles in the presence of a Mie-type potential have been found under spin and p-spin symmetry [1] by means of the asymptotic iteration method.
In the present work, we attempt to solve the Dirac equation for the Mie-type potential [1, 14] by using the LTA which is an integral transform and comprehensively useful in physics and engineering [15] . This method has been used by many authors to solve the Schrödinger-like equation for different potential models [16 -21] .
For example, the one-dimensional Morse potential [16] , D-dimensional harmonic oscillator [17] , noncentral potentials [18] , Morse-like potential [19] , onedimensional harmonic oscillator [20] , double Dirac delta [21] , and so on.
It could be a nearly new formalism in the literature and serves as a powerful algebraic treatment for solving the second-order differential equations. As a result, the LTA describes a simple way for solving of radial and one-dimensional differential equations. Another advantage of this approach is that a second-order differential equation can be converted into a simpler form whose solution may be obtained easily [16] .
The Mie-type potential is one of the diatomic potentials having the form [1] 
which is essentially a Coulomb potential plus an inversely square potential. Moreover, the Mie-type potential is essentially a Coulomb potential since the potential parameter a in (1) can be combined to the centrifugal term. We consider the tensor interaction potential in the Coulomb form as
where R c is the Coulomb radius, Z a and Z b stand for the charges of the projectile particle a and the target nucleus b, respectively [22] . The tensor potential is a central linear, quadratic, Coulomb or Yukawa form central potentials introduced into the Ditac equation with a simple substitution p → p − imωβ β β · rU(r) [23] . The tensor couplings which are radically dependent potential functions have been used widely in the studies of nuclear properties [24] and it has various physical applications [25] . The aim of the present work is to apply the LTA to the Dirac equation with the spin symmetry in the presence of tensor interaction. The present solution is being reduced to its nonrelativistic one under some appropriate transformations. In the practical case, we apply the present nonrelativistic model to study the energy states of some diatomic molecules.
For example, Wei and Dong [26 -28] examined the spin symmetry in the Dirac equation for deformed generalized Pöschl-Teller potential, Manning-Rosen potential, and relativistic symmetrical well potential including a proper approximation to the spin-orbit coupling term. Setare and Nazari [29, 30] also studied the pseudo-spin symmetry in deformed nuclei with triaxial [29] and axially [30] symmetric harmonic oscillator potential. Setare and Haidari [31] obtained the exact analytical solutions of the S-wave Dirac equation with the reflectionless type Rosen-Morse and Manning-Rosen potentials under the condition of spin symmetry in the framework of the Nikiforov-Uvarov method. Overmore, the Dirac equation with scalar and vector Coulomb potential has been discussed in Ddimensions [32] . The group theory approach to the Dirac equation with a Coulomb plus scalar potential was used in D + 1 dimensions [33, 34] . This paper is organized as follows. In Section 2, we present the general Dirac equation with scalar and vector Mie-type potentials and a Coulomb-like tensor potential. We then obtain the energy eigenvalues and normalized wave functions of this equation for Σ = S(r) + V (r) = V Mie (r) and ∆ = V (r) − S(r) = C s = constant within the framework of the LTA. In Section 3, we study some special cases like pure Coulomb, Kratzer-Fues, and modified Kratzer potentials and solutions in the absence of the tensor potential. Furthermore, we find the nonrelativistic limits and apply our results to two diatomic molecules. Numerical discussions are presented in Section 4. Finally, we give a brief conclusion in Section 4.
Dirac Equation with Scalar-Vector Mie-Type Potentials and Tensor Coupling
The Dirac equation which describes a nucleon with mass M moving in repulsive vector V (r) and attractive scalar S(r) potentials including a Coulomb-like tensor potential U(r) reads (in unitsh = c = 1) [22, 35] 
where E is the relativistic energy, M is the fermion mass, p = −i∇ ∇ ∇ is the momentum operator, and α α α and β β β are 4 × 4 matrices. The total angular momentum operator J and spin-orbit coupling operator
where L is orbital angular momentum, of the spherical nucleons commute with the Dirac Hamiltonian. The eigenvalues of spin-orbit coupling operator are κ = ( j + 1/2) > 0 and κ = − ( j + 1/2) < 0 for unaligned spin j = l − 1/2 and the aligned spin j = l + 1/2, respectively. (H, K, J 2 , J z ) can be taken as the complete set of the conservative quantities. Thus, the spinor wave functions can be classified according to their angular momentum j, spin-orbit quantum number κ, and the radial quantum number n, and can be written as follows:
where f nκ (r) is the upper (large) component and g nκ (r) is the lower (small) component of the Dirac spinors. Y l jm (θ , ϕ) and Yl jm (θ , ϕ) are spin and p-spin spherical harmonics, respectively, and m is the projection of the angular momentum on the z-axis. Substituting (4) into (3) and using the relations [22] , we obtain the following two Schrödinger-like differential equations for the upper and lower radial spinor components:
where
(r), and Σ (r) = V (r) + S(r)
. These radial wave functions should satisfy the asymptotic behaviours at the boundaries, i.e., must be finite at both r = 0 and r → ∞. The spin-orbit quantum number κ is related to the quantum numbers for spin symmetry l and p-spin symmetryl as
and the quasi-degenerate doublet structure can be expressed in terms of a p-spin angular momentums = 1 2 and pseudo-orbital angular momentuml, which is defined as
where κ = ±1, ±2, . . .. For example, 1s 1 / 2 , 0d 3 / 2 and 1p 3 / 2 , 0 f 5 / 2 can be considered as p-spin doublets. We will look at the so-called spin symmetric case. This has notable applications in the study of deformation, superdeformation, identical bands, and magnetic moment in the nuclear structure [36] . Equation (5a) can not be solved analytically because of the d∆ (r) / dr
Following [37] , taking a Mie-type potential for Σ (r), and assuming that d∆ (r) dr = 0 or alternatively ∆ (r) = C s = const., we have
In the presence of spin symmetry, (5a) with potential forms in (8) becomes
where we have introduced the following parameters for simplicity:
and thus (9) can be rewritten as
At this stage, we will use the Laplace transform approach to solve (17) [14 -19] . It is an integral transform and comprehensively useful in physics and engineering: Recently, LTA has been used by many authors to solve the Schrödinger equation for different potential models [14 -19] . The advantage of LTA is that it converts the second-order differential equation into a first-order differential equation whose solutions may be obtained easily [38, 39] .
Now by defining a new function
Furthermore, by setting ϕ(r) = r τ χ(r), where τ is a constant, (12a) becomes
Now, to obtain a finite wave function when r → ∞, we must take τ = −γ in above (13) , and then we obtain
Using the LTA defined as [14 -19, 38, 39 ]
becomes
which is a first-order ordinary differential equation and its solution is simply given as
where N is a integral constant. The wave functions must be single-valued which required that
We can easily obtain the energy eigenvalue of the radial part with inserting the parameters in (10) into (18) . Taking into account this requirement and expanding (17) into series, we have
where N is a constant. Using the inverse Laplace transformation [40] , we immediately obtain the solution of (19) as
Finally, by using ϕ(r) = r −γ χ(r), we obtain
where N is a constant. On the other hand, the confluent hyper-geometric function is defined as a series expansion [40] 1
So, on comparing (22) with (21), we obtain the upper spinor component of the wave function:
where N is a normalization constant; γ and ε are defined as γ = (
The normalization condition is given in the Appendix.
Further, the lower spinor component of the wave function can be calculated as
where E nκ = −M when C s = 0, which means that only Dirac valence energy states are permissible for a normalizable and well-defined wave function [41] . Hence, there are no Dirac hole states [42] . By inserting the parameters in (10) into (18), one can obtain the energy equation, with spin symmetry, as
where n = 0, 1, 2, . . ., which is identical to (52) of [1] when T = 0.
Some Special Cases
In this section, we study some special cases of interest in Section 2 and also calculate numerical results for the valence energy states. Further, we compare these results with the ones obtained by other methods.
The Coulomb Potential (a
The eigensolutions of the pure Coulomb potential, in the presence of exact spin symmetry, can be found via (23) , (24) , and (25) as
where ε = (M − E nκ )(M + E nκ −C s ), and γ = κ + T + 1/2.
In the nonrelativistic limit (
, we have the eigensolutions [35, 43] 
where E nl < 0 and the normalization constant C nl is given in the Appendix.
The Kratzer-Fues potential
The Kratzer-Fues potential can be derived as a simple example from the Mie-type potential by setting a = D e r 2 e , b = 2D e r e , and c = 0 [1, 14] :
where D e is the dissociation energy, and r e is the equilibrium inter-nuclear length. The energy equation (25) becomes
where n = 0, 1, 2, . . . and the wave function is as (29) with
The numerical results for this case are given in Table 1.
The Modified Kratzer Potential
Another example is the modified Kratzer potential which is obtained by setting a = D e r 2 e , b = 2D e r e , and 
The relativistic energy equation can be easily obtained as
where n = 0, 1, 2, . . ., and the wave function is same as (23) with
Nonrelativistic Limit
By applying the following approximate mapping E nκ − Mc 2 → E n , C s = 0, T = 0, and 1/h 2 c 2 · Mc 2 + E n → 2µ/h 2 to (25), we obtain the energy levels of the Schrödinger equation for any arbitrary orbital quantum number as
which is identical to the ones obtained previously by using the Nikiforov-Uvarov method [43, 44] and is also identical to the one obtained by using the asymptotic iteration method for the special case c = 0 [10] . Some numerical results of (34) are given in Table 2 . 
Numerical Results
The following parameters M = 5.0 fm −1 , T = 0, 10, 15, C s = 0, r e = 0.35 fm, and D e = 1.25 fm −1 have been used in our numerical calculations to obtain energies of Dirac valence states. The numerical results are summarized in Table 1 .
In Table 1 , we see that energies of bound states such as: np 1 / 2 , np 3 / 2 , nd 3 / 2 , nd 5 / 2 , n f 5 / 2 , n f 7 / 2 , ng 7 / 2 , ng 9 / 2 , . . . (where each pair is considered as a spin doublet) in the absence of the tensor potential are degenerate but in the presence of the tensor potential, these degeneracies are removed. Further, we investigated the effects of the parameters D e and r e on the bound states under the condition of the spin symmetry limits for T = 0. It is clearly seen that if D e and r e increase, the valence energy states of the Kratzer-Fues potential decrease for several states. Now, if D e increasing, the bound state energy eigenvalues of the modified Kratzer potential increases, and with r e increases, the valence energy state of this potential decreases for several states.
For a given value of n and κ (or l) the energy equation in spin symmetry provides two distinct positive and negative energy spectra related with E + nκ or E − nκ , respectively. However, the positive energy solution is valid for the spin symmetry limit since E = −M in the denominator of the lower-spinor component of the wave function. Otherwise the wave function becomes not integrable or normalized in such a case [41 -43] . We also extended our numerical computation to nonrelativistic limits. Using the parameters D e = 10.84514471, r e = 1.1282, and µ = 6.86058600 for diatomic molecule CO and D e = 8.043782568, r e = 1.1508, and µ = 7.46844100 for diatomic molecule NO, the ro-vibrational energies of the modified Kratzer potential and Kratzer-Fues potential for these two selected diatomic molecules are calculated by means of (34) . The numerical results are given in Table 2 . Obvi-ously, our results are in excellent agreement with the ones obtained previously via other methods.
Conclusion
In this paper, we have exactly solved the Dirac equation under the condition of spin symmetry for the Mietype potential in the presence of the tensor interaction by using the LTA. The bound state energy equation and the corresponding normalized eigenfunctions of the Dirac equation are obtained explicitly, which are likely of much interest in different fields of physics. Some numerical results for the energy eigenvalues of the Kratzer-Fues and the modified Kratzer potentials are summarized in Tables 1 and 2 , respectively. By using the LTA, for the first time, our results in Table 1 when the tensor interaction is vanishing (i.e., T = 0) are in high agreement with those obtained by Aydo-gdu and Sever [1] and Hamzavi et al. [14] in the framework of the asymptotic iteration method and the NikiforovUvarov method, respectively. Our energy levels are accurate to the sixth digit after the decimal point if compared with Tables 1 and 2 of [1] . We also calculated these states in the presence of tensor interaction for the case T = 0. Overmore, our energy eigenvalues in our Table 1 for κ > 0 and κ < 0 are in high agreement (nearly the same) with those in Tables 2 and 4 of [14] in the presence of tensor interaction, i.e., when T = 0, 10, 15 (α = 0, 10, 15 in notations of [19] ) and with [1] in the absence of tensor interaction, i.e., T = 0 (α = 0 in notation of [1] ). Also our results in Table 2 are in exact agreement with those in Tables 6 and 8 of [14] when T = 0, 10, 15 and [1] for T = 0. It is found that the tensor interaction removes the degeneracy between two states in spin doublets. Using the LTA, we applied the nonrelativistic model to generate the rotational-vibrational energy eigenvalues of the Kratzer and modified Kratzer potentials for some diatomic molecules like CO and NO. As shown in Tables 4 and 5 , the comparison of our nonrelativistic results with those obtained by Berkdemir et al. [44] using the Nikiforov-Uvarov method shows a good agreement. This reveals the high accuracy and efficiency of the present method which reaches the seventh digit after the decimal point. The physical significance of the results demonstrate that it can be applied to various physical models in relativistic as well as nonrelativistic cases. We also find that this treatment is quite reliable, and further analytical calculations with the Laplace transform method would be useful.
Appendix

Normalization Constant of the Radial Wave Function
Unlike the nonrelativistic case, the normalization condition for the Dirac spinor combines the two individual normalization constants N nκ in one single integral [35] . The radial wave functions are normalized according to the formula ∞ 0 ψ † nκ (r) ψ nκ (r)r 2 dr = 1 which explicitly implies for the two-spinor components f nκ (r) and g nκ (r) in (4) that [35] 
The upper full radial wave function is 
where we have used L p n (x) = Γ (n+p+1) n!Γ (p+1) 1 F 1 (−n; p + 1; x) [40] . Now using
we finally get
2 n!(2n + 2γ + 1) Γ (n + 2γ + 1)
2 n!(2n + 2ω + 1)
In the nonrelativistic limit, the normalization constant becomes C nl = n! Γ (n + 2l + 2) (2n + 2l + 2)
